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Abstract
We extend our previous study of the quark-hadron phase transition at finite tem-
peratures with zero net baryon density by two flavor Nambu-Jona-Lasinio model
with Polyakov loop to the three flavor case in a scheme which incorporates flavor
nonet pseudo scalar and scalar mesonic correlations on equal footing. The role of
the axial U(1) breaking Kobayashi-Maskawa-’t Hooft interaction on the low-lying
thermal excitations is examined. At low temperatures, only mesonic correlations,
mainly due to low mass mesonic collective excitations, pions and kaons, dominate
the pressure while thermal excitations of quarks are suppressed by the Polyakov
loop. As temperature increases, kaons and pions melt into the continuum of quark
and anti-quark excitations successively so that hadronic phase changes continuously
to the quark phase where quark excitations dominate pressure together with gluon
pressure coming from the effective potential for the Polyakov loop. Since we intro-
duce mesons as not elementary fields but auxiliary fields made from quarks, we can
describe the phase transition between hadronic phase and quark phase in a unified
fashion.
1 Introduction
This is a sequel to our recent paper[1]. We first briefly summarize the basic
motivation of these works before presenting the aim of the present work.
QCD phase transitions in hot and dense matter has been a focus of intense
research in modern nuclear physics[2,3,4] . We all expect that at low temper-
atures the chiral symmetry is broken spontaneously and all colored objects,
including quarks, are confined in color-singlet hadrons, while at high enough
temperature the chiral symmetry is restored and the color-confinement is lost,
so that the system is composed of a plasma of unconfined nearly massless
quarks and gluons, commonly called the quark-gluon plasma. The transition
of these two limiting states of matter is much less understood, however, due
to the difficulty of solving QCD in the non-perturbative regime. Although
the lattice QCD simulations have been intensively studied for such purposes,
there remains a difficulty of extending the method to finite baryon chemical
potential due to the sign problem. We therefore adopt phenomenological ap-
proach using effective models of QCD to describe the quark-hadron transition
at finite temperature.
The Nambu-Jona-Lasinio (NJL) model has been often used to described the
chiral phase transition. Although the model was originally formulated[5], be-
fore the advent of the quark model, in terms of the hadronic degrees of freedom,
it has later been adopted as an effective theory of quark dynamics[6], respect-
ing chiral symmetry, and has been used to study the QCD phase diagram[7,8].
A simple way to calculate the equation of state by the model is to perform
the mean field approximation. In this approximation, the system is composed
of thermal excitations of quark quasiparticles even at low temperatures and
mesons are treated only as an uniform background field under the mean field
theory. Thermal fluctuations of mesons has been included within the scheme
of the NJL model by computing the mesonic correlations[9,10,11,12,13].
Even though the NJL model can be effective to study the chiral phase transi-
tion, this model still lacks mechanism of quark confinement. To remedy this
problem, the model was extended by Fukushima [14] to include the effect of
the Polyakov loop[15,16] which works as an order parameter of deconfining
phase transition. Fukushima’s model (PNJL model) has been reformulated as
a mean field theory in uniform background temporal color gauge field and has
been studied extensively by others[17,18,19]. The uniform color gauge field
works as imaginary color dependent chemical potential. Thermal quark ex-
citations are suppressed by the phase cancellations between the distribution
functions of triplet of colored quarks at low temperatures where the Polyakov
loop is to vanish, while at high temperatures these quark excitations appear as
in the original NJL model with vanishing average color gauge field, in accord
with the Polyakov loop approaching unity.
Mesonic excitations can be found, as in the NJL model, in the mesonic cor-
relations beyond the mean field approximation [1,20,21,22,23,24]. We have
shown in [1] that equation of state of a meson gas can be derived explicitly at
low temperatures by the method of auxiliary fields which physically express
effective meson fields build-up as a quark-anti-quark bound states as in the
original Nambu-Jona-Lasinio model. The purpose of this work is to extend the
previous study based on the two flavor PNJL model to three flavor model.
Even though the analysis with two flavor model gives us rich physics, once we
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hope to compare our results with experimental data, it is necessary to consider
the role of the strangeness degree of freedom. In this paper, we extend our pre-
vious work with two flavor model[1] to the three flavor case along the line of
the NJL model [25,26,27,28,29]. By changing quark fields with two flavor com-
ponents to three flavors, the number of mesons which appear in this model also
changes. Unlike the two flavor model which contains three pions and sigma
meson, there are nine pseudo scalar mesons (3π, 4K, η and η′) and nine scalar
mesons (σ, 4κ, f0 and 3a0) in the three flavor model. As for the scalar mesons,
all scalar mesons have not been established by experimental data[30] due to
their large decay widths. However some analyses support for the existence of
the scalar nonet [31,32,33]. In addition to the change of quark fields, it is neces-
sary to take the six point interaction called the Kobayashi-Masukawa-’t Hooft
interaction[34,35]. This interaction breaks axial U(1) symmetry, ensuring the
observed mass splitting of η and η′.
Extension of the flavor number has been performed also in the PNJL model
[36,37,38,39]. However, all of these works have been done under the mean field
approximation, so that mesonic excitations are absent in these calculations.
In this work we put mesonic correlations into the equation of state and we
describe how the degrees of freedom of thermal excitations change from those
of hadrons to quark and gluons.
The rest of this paper is organized as follows. In the next section, we introduce
a three flavor PNJL model to be used in the evaluation of the path integral
expression for the partition function. All NJL type models contain four-point
interactions of fermion fields. These four point fermionic interactions can be
eliminated by standard Hubbard-Stratonovic transformation in favor of in-
tegrable quadratic terms.. Three flavor NJL models has additional six-point
interaction, however. To eliminate this six-point interaction we need to intro-
duce ”counter terms” generated by the third power of bosonic auxiliary fields
each shifted by the quark bilinear terms with appropriate normalization. In-
tuitively, this procedure may be regarded as reducing the six-point interaction
to effective four-point interactions by replacing one set of quark bilinear term
by their expectation value[27]. In Section 3, we summarize the results of the
mean field approximation which freezes meson fields as back ground fields.
We also show how the effect of the Polyakov loop appears in the equation of
state. In Section 4, we calculate the contribution of mesonic correlations to the
equation of state and show that pressure are dominated by low mass mesons
as pseudo-Nambu-Goldstone modes, pions and kaons, at low temperatures,
while it is dominated by quarks and gluons at high temperatures. In order
to explore what is happening at intermediate temperatures, we also calculate
up to which temperature collective mesonic excitation persist. We summarize
this work in Section 5.
3
2 Model setup
In this section, we set a three flavor PNJL model and derive thermodynamic
potential by calculating a partition function by the path integral method. We
introduce the Lagrangian of a three flavor PNJL model:
L =
3∑
i,j=1
q¯i(i /D − mˆ)ijqj + L4 + L6 (1)
where
L4 = G
8∑
a=0
[
(q¯λaq)2 + (q¯iγ5λ
aq)2
]
(2)
and
L6=−K
[
det q¯(1 + γ5)q + det q¯(1− γ5)q
]
(3)
for three flavor light quarks, q¯ = (q¯1, q¯2, q¯3) = (u¯, d¯, s¯). Dµ = ∂µ + gA0δµ,0
where A0 is the temporal component of gauge fields, A0 = −iA4[43]. Gauge
field is not treated here as a dynamical valuable but as an external parameter
like imaginary chemical potential which depends on the color of quarks. mˆ is
a 3× 3 mass matrix, giving bare quark masses mu, md and ms for u, d and s
quarks, respectively. In the later calculations, we set mu = md = m assuming
isospin symmetry.
L4 is a four-point interaction of quark and anti-quark (Fig.1, (a)), with G the
coupling strength. Each λa is a 3×3 matrix in flavor space, with a running from
0 to 8. λ1 to λ8 are the Gell-Mann matrices and λ0 is proportional to an identity
matrix:
√
2/3I. The relative strength of scalar and pseudo scalar interactions
is determined so that they as a whole possess the chiral symmetry. L6 is a six-
point interaction, called the Kobayashi-Maskawa-’t Hooft interaction (Fig.1,
(b)). with K the strength of the interaction. Since q and q¯ each have three
components in flavor SU(3), L6 consists of 6th power terms of fermion fields.
L6 can be written in the following form[44,45]:
L6 = K
6
dabc
[
1
3
(q¯λiq)(q¯λjq) + (q¯γ5λ
iq)(q¯γ5λ
jq)
]
(q¯λkq). (4)
where dabc contain symmetric constants for SU(3) for a = 1, · · · , 8, besides
d000 =
√
2/3, d0bc = −
√
1/6 (b, c 6= 0).
4
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Fig. 1. (a) 4 point interaction, (b) 6 point interaction
The partition function is given by
Z(T,A4) =
∫
[dq][dq¯]exp
[∫ β
0
dτ
∫
d3xL(q, q¯, A4)
]
. (5)
From the interaction terms, this model can incorporate correlations which
generate pseudo scalar mesons and scalar mesons. For pseudo scalar mesons,
there are nine mesons, three kinds of π, four kinds of K, η and η′. They make
a nonet in SU(3) flavor classification. In the chiral limit, mass of all mesons
is exactly zero, in this limit, forming the nine massless Nambu- Goldstone
modes. The axial U(1) symmetry is broken by the 6-point interaction, making
η0 massive. In addition, the SU(3) flavor symmetry is broken due to the non-
vanishing bare quark masses, mu, md, ms, generating the physical masses of
each meson.
There appear also nine scalar mesons in this scheme, not all of which are
confirmed by experiments. Especially the existence of κ is still very controver-
sial. Beside κ, all other scalar mesons are listed on the data compiled by the
particle data group[30].
The original model Lagrangian contains 4th and 6th power of fermion fields.
These non-quadratic terms make difficult to perform the fermion integrals
in the partition function. Recalling the two flavor case, the PNJL model has
only four point interactions which we eliminate by generating ”counter terms”
contained in the square of the auxiliary bosonic field shifted by the quadratic
quark fields. Integration of the quark fields can be performed analytically and
the partition function is written in terms the path integral over the bosonic
fields. This standard Hubbard-Stratonovic transformation[46,47] cannot be
applied directly in the presence of the six point fermionic interaction. To elim-
inate the six point interactions we need to introduce extra ”counter terms”
generated by the third power of the auxiliary bosonic fields shifted by a bi-
linear form of the quark fields with appropriate normalization, reducing the
six point interaction to effective four point interactions. This procedure shift
the coupling G of the 4th order quark fields which can be eliminated by the
standard procedure.
To be more explicit, we introduce auxiliary bosonic fields φa and πa coupled
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to quark scalar densities q¯λaq and pseudo scalar density iq¯γ5λ
aq respectively
by multiplying Z(T,A4) by a constant dummy integral:
∫
[dφ][dπ]exp
(∫ β
0
dτ
∫
d3xLb(φ, π)
)
(6)
with
Lb= K
24G3
dabc(φ
a − 2Gq¯λaq)
[1
3
(φb − 2Gq¯λbq)(φc − 2Gq¯λcq)
+(πb − 2Giq¯λbγ5q)(πc − 2Giq¯λcγ5q)
]
+
K
24G2
dabcφ
a
[
(φb − 2Gq¯λbq)(φc − 2Gq¯λcq)
+(πb − 2Giq¯λbγ5q)(πc − 2Giq¯λcγ5q)
]
− 1
4G
[
(φa − 2Gq¯λaq)2 + (πa − 2Giq¯λaγ5q)2
]
(7)
Only second power of the pseudo-scalar fields can appear in order to respect
the Lorentz symmetry of the Lagrangian. The desired ”counter terms” for
the 6 point quark interactions can be found in the expansion of the first
term, which however also generates extra 4 point quark interactions; they are
removed by the ”counter term” generated by the second term. The third term
is to eliminate the 4 point quark interactions in the original Lagrangian.
Adding Lb, the original Lagrangian is converted to a form which contains the
quark fields only in the bilinear form in addition to the second and third power
terms of the auxiliary bosonic fields:
L+ Lb=
3∑
i,j=1
q¯i(i /D − mˆ− Σ(φa, πa))ijqj + K
18G3
dabcφ
aφbφc
− K
6G3
dabcφ
aπbπc − 1
4G
(φ2a + π
2
a) (8)
where
Σ(φa, πa) =
K
4G2
dabcλ
aφbφc − λa
[
φa + iγ5π
a
]
(9)
is the self-energy matrix of quark quasiparticles due to the coupling to the
auxiliary fields.
Now the integration over the Grassmann quark fields can be performed and
we obtain the effective action written in terms of the auxiliary bosonic fields
φa and πa:
6
Z(T,A4) =
∫
[dφ][dπ]e−I(φ,pi,A4) (10)
where
I(φ, π, A4)=
1
βV
∫ β
0
dτ
∫
d3x
[
trq ln(βS
−1
E ) +
K
18G3
dabcφ
aφbφc
− K
6G3
dabcφ
aπbπc − 1
4G
(φ2a + π
2
a)
]
(11)
with the ”inverse Euclidean quark propagator” given by
S−1E = i /DE + mˆ+ Σ(φ, π, A4) (12)
with /DE =
∑
i=1,··· ,3 γi∂i + γ4(∂τ + igA4). The trace trq includes sum over the
color, and the Dirac spinor indices of the quark fields.
In order to calculate the pressure of mesonic correlation, we expand an effective
action up to the second order of fluctuations around a stationary point, ϕa =
φa − φ¯a,
I(φ, π, A4) = I0 +
1
2
δ2I
δφaδφb
∣∣∣∣∣
φ=φ¯
ϕaϕb +
1
2
δ2I
δπaδπb
∣∣∣∣∣
φ=φ0
πaπb · · · (13)
with
I0 = I(φ¯, π = 0, A4) (14)
where the stationary value of φ¯a is determined by the condition:
δI
δφa
∣∣∣∣∣
φ=φ¯
= 0. (15)
We have assumed that the stationary values of the pseudo scalar fields πa all
vanish. Keeping only up to quadratic terms in expansion,
Z(T,A4) ≃ e−I0
∫
[dφ][dπ]exp
[
−1
2
δ2I
δφaδφb
∣∣∣∣∣
φ=φ¯
ϕaϕb − 1
2
δ2I
δπaδπb
∣∣∣∣∣
φ=φ¯
πaπb
]
.
(16)
If we stop the expansion at the second order fluctuation, ignoring interactions
of mesons, we can perform the Gaussian integral over the meson fields. Then
we get the thermodynamic potential;
Ω(T,A4) = T lnZ = −T
(
I0 +
1
2
TrM ln
δ2I
δφaδφb
+
1
2
TrM ln
δ2I
δπaδπb
)
. (17)
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The first term of Eq.(17) represents the thermodynamic potential under the
mean field approximation and the second and third terms represent the con-
tribution of mesonic correlations to the thermodynamic potential.
3 Mean field approximation
The thermodynamic potential in the mean field approximation, ΩMF (T,A4)
and the corresponding pressure pMF (T,A4) have a relation to the leading term
of the effective action Eq.(13), I0 :
ΩMF (T,A4) = −TI0 = −pMF (T,A4)V (18)
The explicit form of the leading term I0 is given by
I0= βV
[
− 1
4G
(φ¯2u + φ¯
2
d + φ¯
2
s) +
K
2G3
φ¯uφ¯dφ¯s
+2T
∑
i
∑
n
∫
d3p
(2π)3
trcln
[
β2
(
(ǫn − gA4)2 + p2 +M2i
)]]
(19)
where ǫn is fermionic Matsubara frequencies, ǫn = (2n + 1)πT and the trace
is to be performed over the 3 × 3 color matrix A4. We have introduced for
convenience the notations:
φ¯u≡ 2G〈u¯u〉 = 2√
6
φ¯0 + φ¯3 +
2
2
√
3
φ¯8 (20)
φ¯d≡ 2G〈d¯d〉 = 2√
6
φ¯0 − φ¯3 + 2
2
√
3
φ¯8 (21)
φ¯s≡ 2G〈s¯s〉 = 2√
6
φ¯0 − 2√
3
φ¯8 (22)
as implied by the relation φ¯a = G〈q¯λaq〉 in the mean field approximation. The
constituent quark masses Mi in Eq.(19) are given in terms of 〈q¯iqi〉 defined by
Eqs.(20)-(22);
Mu=mu − 4G〈u¯u〉+ 2K〈d¯d〉〈s¯s〉 (23)
Md=md − 4G〈d¯d〉+ 2K〈s¯s〉〈u¯u〉 (24)
Ms=ms − 4G〈s¯s〉+ 2K〈u¯u〉〈d¯d〉. (25)
Since 〈q¯iqi〉 is related to the Euclidean i-quark propagator SiE = (i /DE+Mi)−1
by
8
〈q¯iqi〉 = −iTrSiE = T
∑
n
∫
d3p
(2π)3
Mi
(ǫn − gA4)2 + p2 +M2i
, (26)
where the fermionic Matsubara frequency sum can be evaluated by the method
of contour integration[49]
〈q¯iqi〉=
∫
d3p
(2π)3
Mi
Ei(p)
[−1 + 2f(Ei(p)− igA4)] (27)
with Ei(p) =
√
p2 +M2i and f(E) = 1/(e
βE + 1).
Eqs.(23)-(25) are also written as
Mi = mi + 4iGtrS
i
E − 2Kǫijk(trSjE)(trSkE). (28)
which are equivalent to the stationary conditions to the auxiliary scalar fields
Eq.(15). These equations are a three flavor extension of the Nambu-Jona-
Lasinio gap equation which determines the quark masses Mi (gaps in the
single particle energy spectra) self-consistently.
In the following calculation, we assume unbroken isospin symmetry so that
u-quark and d-quark are degenerate. We then find the pressure in the mean
field approximation for the three flavor model,
pMF (T,A4) =− 1
4G
(2φ¯2u + φ¯
2
s) +
K
2G3
φ¯2uφ¯s
+2T
∑
i
∑
n
∫
d3p
(2π)3
trcln
[
β2
(
(ǫn − gA4)2 + p2 +M2i
)]
(29)
Evaluating the discrete sum over the Matsubara frequencies by the standard
method of contour integration, we find
pMF (T,A4) = p
0
MF + 2
∑
i
∫
d3p
(2π)3
p2
3Ei
trc
[
f(Ei + igA4) + f(Ei − igA4)
]
(30)
where
p0MF = 3× 2
∑
i
∫ Λ d3p
(2π)3
Ei(p)− 1
4G
(2φ¯2u + φ¯
2
s) +
K
2G3
φ¯2uφ¯s (31)
is the pressure exerted by the quark condensate and the zero point motion of
the quark quasiparticles with energy Ei =
√
p2 +M2i , i = u, d, s.
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f(Ei ± igA4) = 1
eβ(Ei±igA4) + 1
(32)
is the quark (anti-quark) quasiparticle distribution function in the external
gauge field.
In the above expressions, the constant temporal gauge field A4 appears as a
phase factor together with the quark quasiparticle energy in the quark (anti-
quark) distribution function. It looks very similar to the gauge invariant (path-
ordered) Polyakov loop phase integral,
L(r) = Pexp
[
ig
∫ β
0
dτA4(r, τ)
]
(33)
whose thermal expectation value measures the extra free energy associated
with the color charge in fundamental representation fixed at a spatial point r.
Although this connection is not strict, since quarks are moving in a uniform
background gauge field not fluctuating either in space or in imaginary time
to replace the phase factor in the quark quasiparticle distribution function by
the thermal average of the Polyakov loop. We replace 〈1
3
trcf(Ei + igA4)〉 by
fΦ(Ei) =
Φ¯e2βEi + 2ΦeβEi + 1
e3βEi + 3Φ¯e2βEi + 3ΦeβEi + 1
(34)
where Φ = 1
3
〈trcL〉 and Φ¯ = 13〈trcL†〉. Φ and Φ¯ behave as an order parameter
of de-confining phase transition.
We apply the same procedure to the quark condensates which appears in the
gap equation so that 〈q¯iqi〉 is replaced by
〈〈q¯iqi〉〉=−
∫
Λ
d3p
(2π)3
Mi
Ei(p)
+ 2
∫
d3p
(2π)3
Mi
Ei(p)
fΦ(Ei(p)) (35)
where we indicated a momentum cut-off at p = Λ in the otherwise divergent
vacuum polarization term.
Here we determine Φ phenomenologically by adding an effective potential of
Φ:
Ω(T,Φ) = 〈Ω(T,A4)〉+ U(T,Φ) (36)
where we define, following,
U(T,Φ)/T 4 = −1
2
b2(T )Φ¯Φ− 1
6
b3(Φ¯
3 + Φ3) +
1
4
b4(Φ¯Φ)
2 (37)
10
with
b2(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
+ a3
(
T0
T
)3
. (38)
The parameters are chosen so that Φ = 0 at low temperatures, Φ gets close
to 1 at high temperatures and U(T,Φ) gives pressure of gluons obtained by
lattice calculations at high temperatures.
After replacing the quark distribution function by the statistical average over
the gauge field A4, the pressure under mean field approximation is given by
pMF (T ) = p
0
MF + 2× 3
∑
i
d3p
(2π)3
p2
3Ei
fΦ(Ei)− U(T,Φ) (39)
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Fig. 2. Temperature dependence of the order parameters in the mean field approx-
imation. The bare quark mass is taken 5.5 MeV for u and d quarks, and 140.7 MeV
for s quark. The chiral condensates are normalized by their vacuum expectation
values: 〈u¯u〉1/3 = −241.9 MeV, 〈s¯s〉1/3 = −257.7 MeV.
We show in Fig.2 temperature dependence of the order parameters, 〈u¯u〉, 〈s¯s〉
the amplitudes of the chiral condensates and 〈l〉 = Φ the expectation value of
the Polyakov loop. Since both the chiral and the confining transitions become
crossover in this calculation, the temperature is scaled by Tc the pseudo criti-
cal temperature determined by the maximum of the chiral susceptibility, the
second derivative of the pressure with respect to 〈u¯u〉. In this calculation, Tc
is found 220MeV.
We choose the values of the parameters in accordance with [48]; mu = md =
11
Table 1
Parameters
mu = md Ms Λ GΛ
2 KΛ5
5.5 MeV 140.7 MeV 602.3 MeV 1.835 12.36
5.5MeV, ms = 140.7MeV, Λ = 602.3MeV, GΛ
2 = 1.835 and KΛ5 = 12.36.
These parameters are determined by the pion mass mpi = 135.0MeV, the kaon
mass mK = 497.7MeV, the η
′ mass 957.8MeV and the pion decay constant
fpi = 92.4MeV in vacuum. Note that the effect of the Polyakov loop enters
only through the quark distribution function so that it does not appear in
vacuum. This implies that our procedure to set the values of the parameters
by the physical observable in the vacuum is the same as the one taken for
the NJL model without confinement. The solid red line and the dotted black
line are the results of two chiral condensates, 〈u¯u〉, 〈s¯s〉 respectively, scaled
by the vacuum expectation value of each condensate. The dotted blue line is
expectation value of the Polyakov loop which characterizes the deconfining
transition. The amplitude of the u-quark condensate approaches zero rapidly
at temperatures above Tc, while that of the s-quark condensate remains non-
zero even at higher temperature due to the larger bare s-quark mass, which
is comparable to Tc.
We plot the pressure in the mean field approximation in Fig.3. The solid red
line (the dotted blue line) is calculated in the mean field approximation with
(without) the effective potential of the Polyakov loop U(T ), which contains the
gluon pressure; the dotted blue line is the pressure only due to the quark quasi-
particles. The dotted pink line is the pressure calculated by the NJL model.
Comparing the dotted red, pink and blue lines, one sees that the quark pres-
sure becomes almost zero at low temperatures because the quark excitations
are strongly suppressed by the Polyakov loop in the confining phase, while
they persist even at low temperatures in the NJL model without confinement.
4 Mesonic correlation
In the previous section, we have discussed the equation of state obtained by
the mean field approximation with the three flavor PNJL model. It is seen
that the Polyakov loop depletes the quark pressure in the low temperature
confining phase. Now we explore how mesonic correlations contribute to the
EOS in this section.
The pressure from mesonic correlations can be calculated from the second and
the third terms of Eq.(17) for the thermodynamic potential. By the thermo-
dynamic relation pV = −TΩ , the pressure of mesonic correlations in the
background gauge field A4 is given by
12
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Fig. 3. Pressures in the mean field approximation. The dotted blue line is the
pressure of quarks calculated with the PNJL model, the solid red line includes the
gluon pressure coming from the effective potential for the Polyakov loop. The dotted
pink line is the quark pressure calculated with the NJL without confinement, which
allows quark excitations even at low temperatures. In the PNJL model both quark
and gluon pressure deplete rapidly below crossover region due to the Polyakov loop
which suppresses quark distribution in the confining phase.
pM(T,A4) = − T
2V
(
TrM ln
δ2I
δφaδφb
+
1
2
TrM ln
δ2I
δπaδπb
)
(40)
where I is an effective action, Eq.(13). The first term is a contribution from
scalar mesons and the second term is from pseudo scalar mesons. The indices
a and b in Eq.(40) run 0 to 8 in the SU(3) flavor space. The trace TrM is taken
over the space-time coordinates of the auxiliary meson fields which obey a
periodic boundary condition in the imaginary time direction.
From Eqs.(13) and (40), we find
pM =−
∑
n
∫
d3q
(2π)3
{
3lnMpi(ωn, q) + 4lnMK(ωn, q) + lnMη(ωn, q)
+lnMη′(ωn, q) + lnMσ(ωn, q) + 4lnMκ(ωn, q)
+3lnMa0(ωn, q) + lnMf0(ωn, q)
}
(41)
whereMα measures the Gaussian fluctuation of the Fourier component of the
mesonic auxiliary fields in the mesonic channel α(= π,K, η, η′, σ, κ, a0, f0) with
the Matsubara frequency ωn = 2nπT and the spatial inverse wavelength q; it
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contains the information about the existence of collective mesonic excitations
in each channel. It is given in the form
Mα(ωn, q) = 1
2G′α
−Πα(ωn, q), (42)
where Πα(ωn, q) is the quark polarization for the mesonic channel α,
Πα(ωn, q)= β
∑
m
∫
d3p
(2π)3
〈trq
(
ΛαSE(ωn + ǫm,p+ q, A4)ΛαSE(ǫm,p, A4)
)
〉
(43)
for a scalar field of the channel α = σ, κ, a0, f0 and
Πα(ωn, q) = β
∑
m
∫
d3p
(2π)3
〈trq
(
Λαγ5S(ωn + ǫm,p+ q, A4)Λαγ5S(ǫm,p, A4)
)
〉
(44)
for pseudo scalar fields for α = π,K, η, η′ with the projection Λα onto the
flavor channel α. Each terms on the right hand side of Eq.(45) are multiplied
by the corresponding degeneracy factor: 3 for pions, 4 for kaons, etc.
G′α is the effective 4 point coupling, combination of the original four point
coupling G and the extra four point coupling generated from the six point
coupling K with appropriate weight for each channel, as indicated pictorially
in Fig. 4. The explicit form of G′ will be given for each meson channel in
the following subsections. We note here that the effective four point coupling
depends on the condensate 〈q¯iqj〉 so that it depends on the temperature.
!" !#
! "
Fig. 4. The effective four point coupling G’ is a sum of the original coupling G and
the one induced by the six point coupling in the presence of the condensate.
The discrete Matsubara frequency sum in (41) for the mesonic correlation pres-
sure can be transformed by the method of contour integration to an integral
along the positive real ω axis:
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pM =−
∫ d3q
(2π)3
∫ ∞
0
dω
2πi
[
1 +
2
eβω − 1
] {
3ln
[M˜pi(ω − iδ, q)
M˜pi(ω + iδ, q)
]
+4ln
[M˜K(ω − iδ, q)
M˜K(ω + iδ, q)
]
+ ln
[M˜η(ω − iδ, q)
M˜η(ω + iδ, q)
]
+ ln
[M˜η′(ω − iδ, q)
M˜η′(ω + iδ, q)
]
+ln
[M˜σ(ω − iδ, q)
M˜σ(ω + iδ, q)
]
+ 4ln
[M˜κ(ω − iδ, q)
M˜κ(ω + iδ, q)
]
+3ln
[M˜a0(ω − iδ, q)
M˜a0(ω + iδ, q)
]
+ ln
[M˜f0(ω − iδ, q)
M˜f0(ω + iδ, q)
]}
(45)
where
M˜α(ω, q) ≡Mα(−iω, q) = 1
2K ′α
− Π˜α(ω, q). (46)
with
Π˜α(ω, q)=
∫ d3p
(2π)3
∫ ∞
0
dǫ
2πi
−1
eβω + 1
×〈trq
(
Λαγ5S(ǫ+ ω,p+ q, A4)Λαγ5S(ǫ,p, A4)
)
〉
(47)
where S(ω,p) is the standard Feynman propagator for quark. We note that
each logarithm in the integral (45) is just the argument of M˜α(ω + iδ, q)
multiplied by 2. In Eq. (45), the first term in the bracket diverges in ω integral
so that we need to introduce second cut-off parameter Λb to suppress this
divergence. In this work, we choose Λb = Λ/2 [11].
s sssss s s
!"#
sss sss
!"#
Fig. 5. Meson self-energy, Πα, contains two terms, a non-dispersive contact term
(a) and a dispersive term (b).
For the computation of the correlation energy or pressure, it is convenient to
decompose the function M(ω ± iδ, q) into real part M1(ω, q) and imaginary
part M2(ω, q):
M(ω ± iδ, q) =M1(ω, q)± iM2(ω, q). (48)
The imaginary part M2(ω, q) becomes non zero in the kinematical region of
(ω, q) which allows a pair excitation of quark and antiquark or scattering of
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a thermally excited quark into an unoccupied state, as signified by non-zero
imaginary part of the function Fpair(ω±iδ, q) and F scat(ω±iδ, q), respectively,
given explicitly in Appendix B. The long-lived meson collective mode exists
when the real part M1(ω, q) vanishes in the region where the imaginary part
also vanishes.
4.1 Pseudo scalar mesons: π, K, η, η′
In this section, we consider the contribution to pressure from pseudo scalar
mesons which make a nonet in the SU(3) flavor space. From Eq.(45), we see
the pressure of them is written as the sum of contributions from each meson.
With SU(3) flavor symmetry breaking, keeping the isospin SU(2) symmetry
intact, pseudo scalar mesons are classified in four kinds by the difference of
their masses.
The difference of four mesons appears in the meson self-energy due to quark
polarization Πα and the effective four point coupling G
′
α. Πα of pseudo scalar
mesons are written in general by
ΠPS = Π
1
PS(A4) + Π
2
PS(ωn, q, A4) (49)
where
Π1PS(A4) =−2T
∑
n
trc
∫
d3p
(2π)3
1
2
(
1
(ǫn + gA4)2 + Ei(p)2
+
1
(ǫn + gA4)2 + Ej(p)2
)
=−
(〈〈q¯iqi〉〉
Mi
+
〈〈q¯jqj〉〉
Mj
)
(50)
is a non-dispersive contact component of the meson self-energy as shown dia-
gramaticaly in Fig. 7 (a), while
Π2PS(ωn, q, A4) =
(
ω2n + q
2 + (Mi −Mj)2
)
Fij(ωn, q, A4). (51)
with
Fij(ωn, q, A4) = 2T
∑
n′
trc
∫
d3p
(2π)3
1
[(ǫn′ + gA4)2 + Ei(p)2]
× 1
[(ǫn′ + gA4 + ωn)2 + Ej(p+ q)2]
(52)
is a dispersive component shown in Fig. 7 (b). In these expression, i, j(= u, d, s)
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indicate the flavors of quark and antiquarks constituting the pseudo scalar
meson.
The dispersive part of the meson self-energy needs to be analytically continued
to a Fourier transform of the real time expression in order to find the dispersion
relation for collective meson modes. The detail of computation is given in
the Appendix A of our previous paper[1]. Here we present a result of such
computations for pseudo scalar mesons:
Π˜2PS(ω, q, A4) =
(
−ω2 + q2 + (Mi −Mj)2
)
Fij(ω, q, A4). (53)
where
Fij(ω, q, A4) =F scatij (ω, q, A4) + Fpairij (ω, q, A4) (54)
with the scattering term
F scatij (ω, q, A4) =
∫
d3p
(2π)3
1
2Ei(p)2Ej(p+ q)
(
1
ω + Ei(p)− Ej(p+ q)
− 1
ω − Ei(p) + Ej(p+ q)
)
×trc [f(Ei(p)− igA4)− f(Ej(p+ q)− igA4)] (55)
and the pair creation and annihilation term
Fpairij (ω, q, A4)=
∫
d3p
(2π)3
1
2Ei(p)2Ej(p+ q)
(
1
ω + Ei(p) + Ej(p + q)
− 1
ω − Ei(p)− Ej(p+ q)
)
×trc [1− f(Ei(p)− igA4)− f(Ej(p+ q)− igA4)]
(56)
These functions possess singularities when ω = ±(Ei(p)−Ej(p+q)) is fulfilled
for the scattering term and ω = ±(Ei(p) + Ej(p + q)) for the pair term cor-
responding to the real excitations of the medium. Note that the effect of the
background gauge field A4 cancels for these excitation which are totally color
singlet. However, the gauge field still appears in the distribution functions of
the quark quasiparticles as phase factor in exactly the same way in the mean
field calculation. We replace these phase factor by Polyakov loops and then
by the statistical average, e. g.
trc [f(Ei(p)− igA4)− f(Ej(p+ q)− igA4)]→ [fΦ(Ei(p))− fΦ(Ej(p+ q))]
(57)
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for the statistical averages of each component,
F scatij (ω, q)= 〈F scatij (ω, q, A4)〉, Fpairij (ω, q) = 〈Fpairij (ω, q, A4)〉. (58)
Having discussed the generic results for pseudo scalar mesons, we now present
the explicit form for each pseudo scalar mesons starting from pions. With the
SU(2) isospin symmetry, u-quark and d-quark are degenerate so that contri-
bution to pressure from three pions π+, π− and π0 are identical.
M˜pi(ω, q) = 1
2G′pi
− Π˜1pi − Π˜2pi(ω, q) (59)
where
G′pi ≡ G′1 = G′2 = G′3 = G−
K
2
〈〈s¯s〉〉, (60)
is the effective four point coupling for pions and non-dispersive and dispersive
parts of the meson self-energy for pions are given by
Π˜1pi = 〈Π1pi(A4)〉 = −2
〈〈u¯u〉〉
Mu
Π˜2pi(ω, q) = 〈Π˜2pi(ω, q, A4)〉 = (−ω2 + q2)Fpi(ω, q) (61)
An explicit form of Fpi(ω, q) is given in Appendix A.
Comparing (61) with the gap equation forMu, the first two terms on the right
hand side of (59) can be transformed into a simpler form:
M˜pi(ω, q) = (−ω2 + q2)Fpi(ω, q) + mu
2G′piMu
(62)
We note that in the limit, K = 0, M˜pi coincides with our previous results with
the two flavor model[1].
Similarly, for kaons, we find,
M˜K(ω, q) = 1
2G′K
− 〈Π˜1K〉 − 〈Π˜2K(ω, q)〉 (63)
where
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G′K ≡= G′4 = G′5 = G′6 = G′7 = G−
K
2
〈〈u¯u〉〉, (64)
and
〈Π˜1K〉 = −
(〈〈u¯u〉〉
Mu
+
〈〈s¯s〉〉
Ms
)
(65)
〈Π˜2K(ω, q)〉 = (−ω2 + q2 + (Ms −Mu)2)FK(ω, q) (66)
with FK(ω, q) given in the Appendix A. By making use of the gap equation
for Ms, (73) is transformed to
M˜K(ω, q)= (−ω2 + q2 + (Mu −Ms)2)FK(ω, q)
+
1
2G′K
− Mu −mu
4G′KMs
− Ms −ms
4G′KMu
− G
G′K
(〈〈u¯u〉〉 − 〈〈s¯s〉〉
Ms
+
〈〈s¯s〉〉 − 〈〈u¯u〉〉
Mu
)
(67)
Although it looks rather complicated, this result coincides with that for pions
when the flavor SU(3) symmetry becomes exact.
Next we consider η and η′ mesons. If there were no Kobayashi-Masukawa-’t
Hooft interaction, in other words if U(1)A symmetry is not broken, masses of
these two mesons are same. Both η and η′ mesons are mixtures of a flavor
singlet η0 and a flavor octet η8. Without mixing, we find for η8,
M˜η8(ω, q)= 1
2G′η8
− 〈Π˜8(ω, q)〉
=(−ω2 + q2)Fη8(ω, q)
+
1
2G′η8
− 2
3
[
1
3G′8
(
Ms −ms
Mu
+ 2
Mu −mu
Ms
)( 〈〈s¯s〉〉
4〈〈u¯u〉〉 − 1
)
+
G
3G′8
{
1
Mu
(〈〈s¯s〉〉〈〈s¯s〉〉
〈〈u¯u〉〉 − 4〈〈s¯s〉〉+ 3〈〈u¯u〉〉
)
+
8
Ms
(
〈〈s¯s〉〉 − 〈〈u¯u〉〉
)}]
(68)
where
G′η8 = G+
K
6
(
〈〈s¯s〉〉 − 4〈〈u¯u〉〉
)
(69)
and for η0,
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M˜η0 = 1
2G′η0
− 〈Π˜00(ω, q)〉
=(−ω2 + q2)Fη0(ω, q)
−2
3
[
1
3G′η0
(
2
Ms −ms
Mu
+
Mu −mu
Ms
)( 〈〈s¯s〉〉
2〈〈u¯u〉〉 + 1
)
+
G
3G′η0
{
1
Mu
(
4
〈〈s¯s〉〉〈〈s¯s〉〉
〈〈u¯u〉〉 + 8〈〈s¯s〉〉+ 6〈〈u¯u〉〉
)]
+
1
Ms
(
5〈〈s¯s〉〉+ 4〈〈u¯u〉〉
)}
(70)
where
G′η0 = G+
K
3
(
〈〈s¯s〉〉+ 2〈〈u¯u〉〉
)
(71)
To check these results for η8 and η0, we inspect these formulae at extreme
cases. First, we consider the case with exact SUL(3) × SUR(3) symmetry,
taking mu = md = ms = 0, but with finite Kobatashi-Masukawa-’t Hooft
coupling K. In this case, η8 becomes a massless Nambu-Goldstone mode, while
η0 becomes massive mode. If further set we K = 0 keeping the SU(3) chiral
symmetry, η0 also becomes a massless NG mode. Regarding the mixing of η0
and η8, we need an effective coupling G′08;
G′08 = G+
√
2K
6
(〈〈u¯u〉〉 − 〈〈s¯s〉〉) (72)
and 〈Π˜08(ω, q)〉.
We show in Fig.6 the effective coupling G′ scaled by four point coupling G as
a function of T/Tc in order to check the effect of the Kobayashi-Masukawa-’t
Hooft interaction. Each G′ indirectly depends on temperature through chiral
condensates. Although this interaction is introduced to make the mass split-
ting of η8 and η0, it also influences on the couplings of π and K. One can see
the effective coupling of π doesn’t change so much compared with others as
temperature increases because of the moderate change of 〈s¯s〉. Another feature
point is that only G′η0 becomes smaller than the original four point coupling
G. Others become larger than G because of the negative effect of the second
terms in Eqs. (60),(64) and (69).
4.2 Scalar mesons
We found for scalar mesons,
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Fig. 6. Temperature dependence of the effective four point coupling G′ for pions
(the dotted red line), kaons (the dotted blue line), η8 (the dotted pink line), and
η0 (the dashed light blue line). The temperature is scaled by the pseudo critical
temperature Tc computed by the mean field approximation.
M˜S(ω, q) = 1
2G′S
− 〈Π˜1S〉 − 〈Π˜2S(ω, q)〉 (73)
where
G′S =


G + K2 〈〈s¯s〉〉 for a0
G + K2 〈〈u¯u〉〉 for κ
G− K6 (〈〈s¯s〉〉 − 4〈〈u¯u〉〉) for σ
G− K3 (〈〈s¯s〉〉+ 2〈〈u¯u〉〉) for f0
(74)
〈Π1S〉 = −
(〈〈u¯u〉〉
Mi
+
〈〈s¯s〉〉
Mj
)
= 〈Π1PS〉 (75)
〈Π˜2S(ω, q)〉 = (−ω2 + q2 + (Mi +Mj)2)FS(ω, q) (76)
with FS(ω, q) = FPS(ω, q).
The only but important difference between Π2PS for pseudo scalars and Π
2
S
for scalars is in the first term of the dispersive parts where the combination
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Mi +Mj for scalar case appears instead of Mi −Mj . Hence if Mi = Mj , this
factor generates a massless Nambu-Goldstone mode for pseudo scalar cases,
while scalar mesons becomes massive with its mass given by MS = 2Mi.
4.3 Numerical results: mesonic correlation pressure and melting of collective
meson modes
We present the result of the pressure in Fig.7 calculated by the previous
method. We only include π, K and σ in this calculation since we expect that
other more massive mesons would not contribute much at low temperatures
to the pressure.
 0
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/ T
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Mean Field (3f)
Fig. 7. Pressure scaled by T 4 as a function of the temperature T scaled by the
pseudo critical temperature Tc. The dashed blue line is the result of the mean field
approximation, consisting of quark pressure and gluon pressure, while the solid red
line contains also the pressure from mesonic correlations in the pion, kaon, and σ
meson channel.
At low temperatures, the pressure is dominated by mesonic correlations, espe-
cially pions and kaons. As temperature increases, it approaches to the quark
mean field pressure. It means that mesonic collective modes melt as tempera-
ture increases and dissolve into quarks eventually. As compared with the two
flavor case, contributions of kaons is added on the pressure of two flavor which
are dominated by a pion gas at low temperatures and becomes continuously
a gas of u, d and s quarks at high temperatures.
In order to study until which temperature mesons as collective modes persist,
we plot the real part and the imaginary part of M(ω, q) as a function of
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Fig. 8. The real partM1 (the solid red line) and the imaginary partM2 (the solid
blue line) ofM(ω+ iδ, q) for pion is plotted as a function of ω scaled by q at several
temperature near in the crossover region. The non-zero imaginary part are indicated
by the filled light blue areas in the space-like ω/q < 1 and in the time-like ω/q > 1
regions. When M1 vanishes in the region where M2 also vanishes, the long-lived
pion collective mode exists, as seen below T = 1.15Tc clearly. Pion collective mode
is absorbed into the continuum of the pair excitations at T = 1.2Tc.
ω scaled by q at several temperatures near Tc. The conditions of isolated
meson poles are given by the vanishing both real part M1 and imaginary
part M2: in particular the condition M1(ω, q) = 0 determines the dispersion
relation of collective modes. M2 corresponds to the excitations of quarks and
antiquarks as a continuum. Therefore collective meson modes exist when both
the real part and the imaginary part of M˜(ω+ iδ, q) vanish at the same time,
the former condition determines the dispersion relation of the meson and the
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latter guarantees infinite lifetime. We write the real part and imaginary part
of M(ω, q) in Appendix B.
-1
-0.5
 0
 0.5
 1
 1.5
 0  0.5  1  1.5  2  2.5
ω/q
T=0.85Tc
Re M
     Im M x 100
-2
-1.5
-1
-0.5
 0
 0.5
 1
 1.5
 2
 0  0.5  1  1.5  2  2.5
ω/q
T=1.0Tc
Re M
     Im M x 100
-4
-2
 0
 2
 4
 6
 0  0.5  1  1.5  2  2.5
ω/q
T=1.15Tc
Re M
     Im M x 100
Fig. 9. The same plots as the Fig. (8) for kaons. The collective kaon mode is
absorbed into the pair continuum at T = 1.15Tc, slightly below the pion melting
temperature.
We plot each component as a function ω/q in Fig.8 for pion and Fig. 9 for kaon
at three different temperatures around Tc. These panels are showing whether
collective modes exist or not for pion and for kaon. In the shadowed areas,
where the imaginary part M2 has finite value, the continuum of quark and
anti-quark exists. The region where the imaginary part is finite in time-like
goes down as temperature increases because of a decrease of constituent quark
masses along with chiral symmetry recovering.
In Fig. 8, there is a point where both real and imaginary parts become zero
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until T = 1.15Tc, but when T reaches 1.2Tc such a point vanishes. It means
that the collective mode of pion exist until T = 1.15Tc. The same plots for kaon
are displayed in Fig. 9. The collective mode of kaon disappears at T = 1.15Tc.
This vanishing temperature of kaon pole is lower than that of pion.
The vanishing points of pion pole and kaon pole are located on the places of
the arrows in Fig. 10. It should be notable that pion and kaon still remain after
the color-confinement is lost. Namely the quark-gluon excitations and meson
excitations coexist in the transition region. The chiral symmetry is still not
fully recovered at these temperatures. There exist windows in the continuum of
quark-antiquark pair excitations in the ω− q plane where the spectrum of the
isolated collective meson excitations reside. As the temperature increases fur-
ther these windows are narrowed by the decrease of constituent quark masses
and the collective meson spectra are absorbed in to the continua of individual
quark-antiquark pair excitations.
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Fig. 10. Pressure scaled by T 4 as a function of the temperature T scaled by the
pseudo critical temperature Tc. The solid red line is the sum of the contributions
from the mean field and mesonic correlations (pion, kaon, sigma). The dotted pink
line is for the mean field plus pionic correlation only and the dotted blue line is
the pressure without mesonic correlations. The melting temperatures of pions and
kaons are indicated by arrows.
5 Summary and concluding remarks
We have studied the quark-hadron phase transition by using a three flavor
PNJL model which contains the order parameters of both the chiral phase
transition and the deconfining phase transition. In the mean field approxima-
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tion the deconfining transition becomes a crossover transition in this model.
To include the mesonic thermal excitations, however, we need to go beyond
the mean field approximation. We used the method of auxiliary fields to de-
scribe mesonic excitations; mesonic correlations are computed in the gaussian
(one-loop) approximation for the fluctuation of the mesonic auxiliary fields,
neglecting meson-meson interaction.
We have extended our previous work with a two flavor case to a three fla-
vor PNJL model incorporating nine pseudo scalar mesons and nine scalar
mesons. Under the flavor SU(3) symmetry breaking, four kinds of pseudo
scalar mesons(π, K, η and η′) and scalar mesons(σ, κ, a0, and f0) appear
with different masses and the equations of state are dominated by mesonic
correlations, especially pions and kaons, at low temperatures. As temperature
increases, the contribution from mesonic correlations decreases and the equa-
tion of state are dominated by quarks (and gluons given by hand). Mesonic
excitations at low temperatures eventually melt and the degrees of freedom of
thermal excitations change from hadrons to quarks. We have also studied the
conditions for the existence of long-lived collective meson modes in pion and
kaon channels and computed the melting temperatures of pions and kaons. We
found that kaons melt first at around T = 1.15Tc and pions melt at T = 1.2Tc
slightly above the melting point for kaons.
In our calculation we only included the mesonic correlations in the pion, kaon,
and σ meson channels. More massive mesons including σ meson can decay
into lighter mesons (pions) and it generates significant decay widths for these
mesons. Therefore, for a more complete treatment to include the effects of
these higher mass mesonic correlations, we need to include the meson-meson
interactions, taking into account the higher power terms in the expansion of
the effective action written in terms of the mesonic auxiliary fields.
In our model, the effect of confinement appears through the quark distribu-
tion function modified by the Polyakov loop expressing the phase interference
among quark distribution functions with three different color states. In the
vanishing Polyakov loop the modified quark distribution turn into the dis-
tribution of quark triads with the excitation energy three times larger than
the single quark. The same modified quark distribution function appear also
in the calculation of the temperature dependence of the collective modes, al-
though their vacuum properties are the same as in the NJL model. This implies
that the temperature dependence of the mesonic excitations show somewhat
weaker than that calculated with the NJL model without confinement since
the thermal excitations of quarks are suppressed at low temperatures. We
note that the modified quark distribution for vanishing expectation value of
the Polyakov loop is still not the same as the baryon distribution function as
emphasized in our previous work[1].
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This work has been done at zero baryon densities. However if we would try to
extend our work to the finite chemical potential region, we must consider how
to describe baryons as correlated three quark bound states.
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Appendix A Explicit form of F(ω, q)
Here we show the explicit form of F(ω, q) of pseudo scalar mesons. They can
be written by using Fuu(ω, q), Fss(ω, q) and Fus(ω, q). Since we assume SU(2)
isospin symmetry, Fud = Fdd = Fuu.
Fuu(ω, q)=F scatuu (ω, q) + Fpairuu (ω, q) (A.1)
=
∫
d3p
(2π)3
1
2Eu(p)2Eu(p+ q)
×
(
1
ω + Eu(p)−Eu(p+ q) −
1
ω −Eu(p) + Eu(p+ q)
)
(A.2)
×
(
fΦ(Eu(p))− fΦ(Eu(p+ q))
)
+
∫
d3p
(2π)3
1
2Eu(p)2Eu(p+ q)
×
(
1
ω + Eu(p) + Eu(p+ q)
− 1
ω − Eu(p)−Eu(p+ q)
)
(A.3)
×
(
1− fΦ(Eu(p))− fΦ(Eu(p+ q))
)
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Fss(ω, q)=F scatss (ω, q) + Fpairss (ω, q) (A.4)
=
∫ d3p
(2π)3
1
2Es(p)2Es(p+ q)
×
(
1
ω + Es(p)− Es(p+ q) −
1
ω −Es(p) + Es(p+ q)
)
(A.5)
×
(
fΦ(Es(p))− fΦ(Es(p+ q))
)
+
∫
d3p
(2π)3
1
2Es(p)2Es(p+ q)
×
(
1
ω + Es(p) + Es(p+ q)
− 1
ω − Es(p)−Es(p+ q)
)
(A.6)
×
(
1− fΦ(Es(p))− fΦ(Es(p+ q))
)
Fus(ω, q) =F scatus (ω, q) + Fpairus (ω, q) (A.7)
=
∫
d3p
(2π)3
1
2Eu(p)2Es(p+ q)
×
(
1
ω + Eu(p)−Es(p+ q) −
1
ω − Eu(p) + Es(p+ q)
)
(A.8)
×
(
fΦ(Eu(p))− fΦ(Es(p+ q))
)
+
∫
d3p
(2π)3
1
2Eu(p)2Es(p+ q)
×
(
1
ω + Eu(p) + Es(p+ q)
− 1
ω −Eu(p)− Es(p+ q)
)
(A.9)
×
(
1− fΦ(Eu(p))− fΦ(Es(p+ q))
)
Since pions are written as collective modes of u-quark, Fpi is written by using
only Fuu;
Fpi(ω, q) = Fuu(ω, q) (A.10)
For kaons,
FK(ω, q) = Fus(ω, q). (A.11)
η8 and η0 contains both u¯u and s¯s. For η8 meson,
Fη8(ω, q) = Fuu(ω, q) + 2Fss(ω, q) (A.12)
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For η0 meson,
Fη0(ω, q) = 2Fuu(ω, q) + Fss(ω, q) (A.13)
Appendix B Real part and imaginary part F(ω, q)
The function F(ω ± iδ, q) can be decomposed into real part F1(ω, q) and
imaginary part F2(ω, q):
F(ω ± iδ, q) =F1(ω, q)± iF2(ω, q) =
√
F1(ω, q)2 + F2(ω, q)2e±iφ(ω,q)(B.1)
where the argument φ is given by
φ(ω, q) = tan−1
F2(ω, q)
F1(ω, q) . (B.2)
Ancillary to that,M(ω± iδ, q) has also an imaginary part. The real part and
imaginary part of the function F are further decomposed into two parts: the
scattering term and the pair excitation term. The two components of the real
part are given by the principal part integrals:
F scatt.ij,1 (ω, q)=P
∫
d3p
(2π)3
1
2Ei(p)2Ej(p+ q)
(B.3)
×
(
1
ω + Ei(p)− Ej(p+ q) −
1
ω −Ei(p) + Ej(p+ q)
)
× (fΦ(Ei(p))− fΦ(Ej(p+ q)))
Fpairij,1 (ω, q)=P
∫
d3p
(2π)3
1
2Ei(p)2Ej(p+ q)
(B.4)
×
(
1
ω + Ei(p) + Ej(p+ q)
− 1
ω − Ei(p)− Ej(p+ q)
)
× (1− fΦ(Ei(p))− fΦ(Ej(p+ q)))
while the two components of the imaginary part contains the energy conserving
δ-functions:
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F scatt.ij,2 (ω, q)=−π
∫
d3p
(2π)3
1
2Ei(p)2Ej(p+ q)
(fΦ(Ei(p))− fΦ(Ej(p+ q)))
× (δ(ω + Ei(p)− Ej(p+ q))− δ(ω − Ei(p) + Ej(p+ q)))(B.5)
Fpairij,2 (ω, q)=−π
∫
d3p
(2π)3
1
2Ei(p)2Ej(p+ q)
(1− fΦ(Ei(p))− fΦ(Ej(p+ q)))
(δ(ω + Ei(p) + Ej(p+ q))− δ(ω −Ei(p)−Ej(p+ q))) (B.6)
It is evident that the scattering term has non-zero imaginary term in the space-
like energy-momentum region (q2 > ω2), while the pair creation/annihilation
term is non-vanishing only in the time-like region (q2 < ω2). It is important
to note that non-collective mesonic correlation arises only from non-vanishing
imaginary part of F(q, ω).
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